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In this work we consider a flat cosmological model with a set of fluids in the 
framework of supersymmetric cosmology. The obtained supersymmetric algebra 
allowed us to take quantum solutions. It is shown that only in the case of a 
cosmological constant we have a condition between the density of dark energy 
PA and density energy of matter pM, Pa > 2pM- 

PACS numbers: 04.20.Fy; 04.60.Ds; 12.60. Jv; 98.70.Dk. 

Minisuperspace models are useful toy models for canonical quantum gravity, 
because they capture many of the essential features of general relativity and are 
at the same time free of technical difficulties associated with the presence of an 
infinite number of degrees of freedom. As it is well known, the equation that 
governs the quantum behavior of these models is the Wheeler-DeWitt equation, 
which results in a quadratic Hamiltonian leading to an equation of the Klein- 
Gordon type. Introduction of supersymmetric minisuperspace models in which 
the Grassmann variables are not identified as the supersymmetric partners of 
the cosmological bosonic variables has led to the definition and study of linear 
"square root" equations defining the quantum evolution of the universe [1 — 11]. 

Recently, we have used the superfield formulation to investigate supersym- 
metric cosmological models [12 — 15]. In previous works [TH [TB] it was shown 
that the spatially homogeneous part of the fields in the supergravity theory 
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preserves the invariance under the local time n = 2 supersyrametry. This su- 
persymmetry is a subgroup of the four-dimensional spacetime supersymmetry 
of the supergravity theory. This local supersymmetry procedure has the advan- 
tage that, by defining the superfields on superspace, all the component fields in 
a supermultiplet can be manipulated simultaneously in a manner that automat- 
ically preserves supersymmetry. Besides, the Grassmann variables are obtained 
in a clear manner as the supersymmetric partners of the cosmological bosonic 
variables. At the quantum level the Grassmann variables are elements of the 
Clifford algebra. Using superfield formulation the canonical quantization proce- 
dure for a closed FRW cosmological model, filled with pressureless matter (dust) 
content and the corresponding superpartner, was reported |16j . 

In the present work we have constructed the n = 2 supersymmetric action for 
the spatially homogeneous isotropic flat, (fc = 0) Friedmann-Robertson- Walker 
including a mixture of fluids with a constant equation of state parameters 7^, 

Pi = liPi- 

Let us start with the action |T71 [T5] 

J L 2NG^dt J QG ^' /J 

t 

with G — where G is the Newtonian gravitational constant and A is the 
cosmological constant; N{t),R{t) are the lapse function and the scale factor, 
respectively; Mj. is the mass by unit (length)'^''''"^. Summation over i includes 
all types of fluids. In this work we have used units in which c = ti = 1. 

The action (jlj is invariant under the time reparametrization t' — > t + a{t), if 
the transformations of R{t) and N{t) are defined as 5R = aR, and 6N — (aN)-. 
The variation with respect to R{t) and N{t) leads to the classical equation for the 
scale factor R(t) and the constraint, which generates the local reparametrization 
of R{t) and N(t). This constraint leads to the Wheeler-DeWitt equation in 
quantum cosmology. 

In order to obtain the corresponding supersymmetric action for ([T]), we 
follow the superfield approach. Thus, we extend the transformation of time 
reparametrization to the n = 2 local supersymmetry of time (t, 77,77)- Then, we 
have the following local supersymmetric transformation 

St = a{t) + ^[r,^'{t)+fjP'{t)l 

Srj - ^p'(t) + ^[a{t) + tbit)]r^+'-^'{t)r^f], (2) 
Sri = ^^'it) + ^[ait)~ib{t)]fj-^Pit)rjfj, 

where 77 is a complex Grassmann coordinate, (3'{t) = N^^/^l3{t) is the Grass- 
mann complex parameter of the local "small" n — 2 supersymmetry (SUSY) 
transformation, and b{t) is the parameter of local U{1) rotations of the complex 
rj. The superfield generalization of the action ([T]), invariant under supersym- 
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metric transformation ^ has the form 

Ssusy = J[- ^N-'MD^MD^M + 



2V2 ^ M 



1/2 



7i 



Gi/2 ^ (3 - 37,) 



drjdridt, (3) 



where 



are the supercovariant derivatives of the global "small" supersymmetry of the 
generalized parameter corresponding to t. The local supercovariant deriva- 
tives have the form I)^ = iV^^/^Z),,, Ai = iV"^/^Ai, and R(t,r],fi), ]N{t,r],fj) 
are superfields. The Taylor series expansion for the superfields lN{t,r],fj) and 
lR{t,ri,f]) is the following 

lN{t,f],fj) = N{t) + iTji;'{t) + if]ij'{t) + V'{t)r]f], (5) 
lRit,r],fj) = R{t)+ij]X'{t)+ifjX'{t) + B'{t)7]fj. (6) 

In these expressions we have introduced the redefinitions tp'{t) = N-^/^^{t), V' = 
N{t)V{t) + ^it)^{t), A' = ^^^^A and B' = ^(i^A- ^A). The 

components of the superfield lN{t, 77, fj) are gauge fields of the one-dimensional 
n = 2 extended supergravity. N{t) is the einbein, ip(t),rp{t) are the complex 
gravitino fields, and V{t) is the C/(l) gauge field. The component B{t) in ([5]) 
is an auxiliary degree of freedom (non-dynamical variable), and A, A are the 
fermion partners of the scale factor R(t). 

After integration over the Grassmann coordinates 77, fj and eliminating the 
auxiliary variable B, by means of their equation of motion, the action ([3|) ac- 
quires its component form 

^~ , . Ml'^K^ + - (ADA - DAA) + —K^/'^NXX 
V3Gi/2^ 7. 2^ '2 

-|^^(-1 + 67.)mV^E^AA (7) 

i 

-R'^^i^X - tAA) - ^ V Af Y^i?-^ (^A - T^A) I dt, 




n/3 



2^/3Gl/2 vv^ ; 2 Z^• 

withDi?= 7?-||^(V'A-l-i/iA) and DA = A-iFA, DA = A+^FA. Proceeding 
with canonical quantization, the classical canonical Hamiltonian is calculated in 
the usual way for systems with constraints. It has the form 

H, = NH+^4'S^^^S+^VF, (8) 
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where H is the Hamiltonian of the system, S and S are the supercharges and F 
is the U (1) rotation generator. The canonical Hamiltonian form ([8]) explains the 
fact that A'^, ■0, '0 and V are Lagrangian multipliers, which only enforce the first- 
class constraints iJ = 0,5 = 0,5 = and = 0, and express the invariance 
under the n = 2 supersymmetric transformations. The first-class constraints 
may be obtained from the action ([7]) rewriting it in first order form varying 
N{t),i/j{t),ip{t) and V{t), respectively. The first-class constraints are 

2R ^ 6G ^' / y3Gi/2^ 

- ^'^"'^^-^E('!7.-l)Mr«"^AA, (9) 

^ ^ (l^-^^^EMr-*)^, (.0, 

F = -AA, (12) 

where ttr = — -^R + 57^172 (V'^ + V^^) ^^e canonical momentum associated 
to R with Poisson brackets 

{R,^r} = 1. (13) 

As usually with Grassmann variables, we have second-class constraints, which 
can be eliminated by Dirac procedure. As a result, we only have the following 
non-zero Dirac brackets 

{A,A} = z. (14) 

With respect to these brackets the super-algebra for the generators iJ, S*, S and 
F becomes 

{S,S} = -2iH, {S,H} = {S,H} = Q, {F,S} = iS. (15) 

In a quantum theory the brackets p3p and must be replaced by commutator 
and anticommutator; they can be considered as generators of the Clifford algebra 

d 

[R,itr]^i with TTfl = -z— , {A, A} = -1. (16) 

As we can see from the Hamiltonian the energy of scalar factor R is negative. 
This is refiected in the fact that the anticommutator value (jl6p of supcrpartner 
A and A of the scalar factor is negative. This anticommutator relation may be 
satisfied under condition 

A = r'A^e--At, {A,At} = l, 
At^ = CAt and = t (17) 
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So, for the supercharge operator S we have S = ^S^^. The quantum genera- 
tors H, S, S and F form a closed super-algebra 

{S, S} = 2H, [S*, H] = [S, H] = 0, [F, S] = -S*, 5^ = 0. (18) 

In the case of standard supersymmetric quantum mechanics, we could have 
X = \\ S = S'^ and the Hamiltonian would be positive. We can see, that the 
anticommutator of supercharges S and their conjugated S under our conjugated 
operation (|17p has the form {5, 5} = {S, §} and the Hamiltonian operator is 
self-conjugated H = H under the operation H — (^~^H^^. We can fulfill them 
on the Fock space representation with A as a creation and A as annihilation 
vacuum operators on the Fock space, then the general quantum state can be 
written as vectors depending on R in the corresponding Fock space |14j . 

We can choose the matrix representation for the fermionic parameters A, A 
and ^ as A = (T-, A = — cr+, ^ — (T3, with (t± — i(cri±i(T2), where cri, (J2 and 
(T3 are the Pauli matrices. The supercharges 5, S have the following structures 

S = AX, S-t^AUt, (19) 

where 

4 - ,-r^l/2R-l/2^„ 



Al/2n3/2 „^ 

A = tG'/'R-'/'ni, - ^V-V + V2yM'/^R'-^. (20) 



An ambiguity exist in the factor ordering of these operators, such ambigui- 
ties always arise when the operator expression contains the product of non- 
commuting operators R and tt^, as in our case. It is then necessary to find 
some criteria to know which factor ordering should be selected. We propose 
the following; to integrate with measure R^I'^dR in the inner product of two 
states [151 116) . In this measure the conjugate momentum ttj^ is non-Hermitian 



with 7r|j = R~^/'^ttrR^/'^ . However, the combination [R'^/'^TTny = i?~^/^7r_R is 
Hermitian one, and {R~'^^'^ttrR~^^'^t^r)'^ = R'^^^ttrR^^/'^ttr is Hermitian too. 

In the quantum theory, the first-class constraints become conditions on the 
wave function ^'(i?). Furthermore, any physical state must be satisfy the quan- 
tum constraints 

H^{R) = 0, S'*(i?) = 0, 5*(i?) = 0, F*(i?) = 0, (21) 

where the first equation is the Wheeler-DeWitt equation for the minisuperspace 
model. The eigenstates of the Hamiltonian have two components in the matrix 
representation 



However, the supersymmetric physical states are obtained applying the super- 
charges operators = 0, = 0. Using the algebra given by ((T8)) . these are 
rewritten in the following form 

{XS - AS')* = 0. (23) 
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Using the matrix representation for A and A we obtain the foUowing differential 
equations for and '52 (^) components 



72^-1/ 



1/2 d Al/2i?3/2 



(24) 



(25) 



Solving these equations and using the relation M^. = ^p^.R^^^^~^^\ we have the 
following solutions 



*i(i?) =Giexp 



P7. 



1/2 



(26) 



4'2(i?) = G2exp 



\/l8 1 



E 



1/2 



(3 - 37») 



,(27) 



where Ppi ~ G ^ is the Planck density and Ipi — G^l^ is the Planck length. We 
can see, that the function 4'i in ((26|) has good behavior when i? — )■ oo under the 



condition pA < 18 



(3-37i) 

wave function '^2 in P7p has good behavior when R 



while ^'2 does not. On the other hand, the 
00 under the condition 



PA > 18( 



E 



1/2 



(3 - 37,;) 



(28) 



because the main contribution comes from the first term of the exponent, while 

does not have good behavior. However, the wave function in the state 
with zero energy; = (0,^*2) is normalizable in the measure R^I'^dR under 
the condition such as = S** = 5* = i^^- = with F = ct+(t_. 

If = E^, the eigenstate 'I'l (gB]) of the quantum Hamiltonian © for 
i? = is non-normalizable. But for non-zero eigenvalues of the Hamiltonian ^ 
it is known that there exist two normalizable components (wave functions). 

The condition ([28| does not contradict the astrophysical observation at 
PA ~ (2 ^ 3)pM, due to the fact that the dust- like matter introduces the 
main contribution to the total energy density of matter pM = P7i ~ P7=o- 
We have from the pressureless fluid (7 = 0) contents barionic and cold dark 
matter (pA > 2pA/). 

On the other hand, according to recent astrophysical data, our universe is 
dominated by a mysterious form of dark energy [19 , which counts up to about 
70 per cent of the total energy density. As a result, the universe expansion is 
accelerating 1221 HI] • Vacuum energy density pA — is a concrete example 
of dark energy [22] . 

The recent cosmological data give us the following range for the dark energy 
state parameter —1.14 < 7 < —0.88. However, in the literature we can find 
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different theoretical models [221 HI] for the dark energy with state parameter 
7 > — 1 and 7 < — 1 . In the case A = we see from (|26l) , that the wave function 
= {^1,0) is normalizable. Moreover, if we assume that the universe may 
enter into phantom phase (7 < —1) or quintessence phase (7 > —1) we don't 
have conditions between density of dark energy Pph{l < —1), 1 < 7) and 
density of energy matter pM- 
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